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The Papkovich-Neuber solution of the Stokes’ flow equations for a viscous 
incompressible flow at very low Reynolds numbers is derived using three alternative 
approaches. In each case the class of solutions which is valid varies depending on 
the assumptions made on the domain considered. The technique is illustrated by 
several examples. The solution is identical to that of incompressible linear elasticity 
upon appropriate modification. 
1. INTRODUCTION 
The equations for an incompressible Newtonian fluid at very low 
Reynolds number (Stokes’ flow) are 
v2v = (l/P) VP, 
v*v=o, 
(1.1) 
(1.2) 
where p is the pressure, V is the velocity vector at the point considered, and 
,u is the dynamic viscosity. Equations (1.1) and (1.2) are used as governing 
equations in a large number of papers modelling flows with very low 
Reynolds number. For example, the movement of small microscopic particles 
in suspension, or the propulsion of microorganisms by cilia or flagella. 
In the above equations we may reinterpret V as the displacement vector, p 
the potential of a conservative body force field (or alternatively, the 
pressure), ,u the expression for -3p/E (where p is specific density and E is 
the Youngs modulus), we would obtain (l.l), (1.2) as the governing 
equations for small, linear deformation of incompressible elastic materials. 
Throughout this paper, we shall use the term Stokes’ flow but it should be 
borne in mind that the results are applicable to incompressible elastic 
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materials as mentioned in the last paragraph. Simple manipulation of (1.1) 
and (1.2) yields 
VP=0 (1.3) 
and 
V2(V2V) = 0. (1.4) 
The class of biharmonic vector functions, however, is very wide, and it is 
thus desirable to put some more restrictions on V to facilitate mathematical 
analysis of practical problems. 
In the present paper, the Papkovich-Neuber type general solution to (1.1) 
and (1.2) will be proved to be given by the following equations: 
V = V(r . B + B,) - 2B, (1Sa) 
P = W’ . B), (1Sb) 
where 
V2B = 0, V’B, = 0. (1.6) 
Part of the above solution, i.e., (1.5a) and (1.6), has been anticipated by 
many elasticians; and notably by Aderogba [ 1,2] who successfully used this 
technique to obtain solutions to a number of specific problems. 
We recall that Lame’s equation of elasticity is 
v2v - (1 - 2u))‘V(V * V) = (l/p) vp, (1.7) 
where the constant ,U replaces the usual notation -2( 1 + u)p/E and Vp 
replaces the conservative, solenoidal body force F. The Papkovich-Neuber 
solution to Lame’s equation (1.7) is given by 
V = 4(1 - v)B - V(r . B + B,) + V(r - C), (1.8) 
where 
V’B=O, V’B, = 0, (1.9a) 
v2c = 0, v * c = p/p, (1.9b) 
the functions B and B, are for the general solution to the homogeneous 
equation of (1.7) and C is for the special solution to the nonhomogeneous 
case. 
The argument commonly used to derive (1Sa) and (1.6) is that they are 
obtainable from the Papkovich-Neuber solution (Eqs. (1.8) and (1.9)) by 
74 TRAN-CONGANDBLAKE 
letting the Poisson ratio v tend to one half with the resulting solution 
(Eqs. (1.5) and (1.6)) automatically satisfying the governing equations (1.1) 
and (1.2). In the following analysis we show that the above argument is 
faulty and we need another proof for the solution (1.5) and (1.6). The 
essential points are: (i) The solution methods of Papkovich [3], of Neuber 
[4, 51, of Mindlin [6], and [7, p. 331 all break down when the Poisson ratio I’ 
is equal to one half. (ii) Although (1.5) and (1.6) automatically satisfy (1.1) 
and (1.2) it is not clear they are the general solutions. (iii) An extra term 
V(r . C) is expected if we consider (1.5a) and (1.6) as the limiting case for 
(1.8) and (1.9) as u tends to one half. 
Proving that (1.5) and (1.6) are the solution to (1.1) and (1.2) also implies 
that, in a practical sense, all the solution to (1.1) and (1.2) are obtainable 
from the solution to (1.7) by letting v equal one half. In linear elasticity this 
limit is generally taken. It has been known for many years about the 
similarity in the field equations for incompressible linear elasticity and 
incompressible Stokes’ flow even though the boundary conditions are often 
different. The development of analytical solutions of the almost identical 
equations, however, have not been in parallel. For example, the powerful 
Papkovich-Neuber technique is used substantially in elasticity but has 
generally been ignored in Stokes’ flow. In Section 2, we rigorously develop 
the Papkovich-Neuber approach for Stokes’ flow. 
2. GENERAL SOLUTIONS TO STOKES'FLOW EQUATIONS 
In this section we present solutions using the techniques developed in [6] 
by Mindlin, in [4,5] by Neuber, and in [7, p. 331 to the Stokes’ flow 
equations. 
2.1 Mind/in Type Method 
The Helmholtz transformation states, “Every divergence free vector may 
be expressed as the curl of another vector; in the case of a general vector, it 
is expressible as the curl of another vector plus the gradient of a scalar 
function.” This transformation places certain restriction on the definition 
region of the given vector functions. In this paper, however, we shall not be 
concerned about the restrictions required. 
As the velocity vector V is divergence-free (Eq. (1.2)) using the 
Helmholtz transformation, we can write 
V=VXA. 
Using the Helmholtz transformation, a second time, on vector A, we have 
V=VxA=Vx(VxS). (2-l) 
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We define a scalar function $,v at every point M 
where pN is the pressure at the point N, T,,,~ is the distance between M and N. 
and D is the region of the flow. 
The function 4, defined in D, has the property 
V'$= P/P* (2.2) 
We can define S such that 
v.s=l$ (2.3) 
as this only involves adding the gradient of a potential to S. without violating 
(2.1). Now p/,u may be expressed by 
p/p = V’(V * S). (2.4‘) 
Substituting (2.4) and (2.1) into (1.2), we obtain 
V2(V x (V x S)) = VV2(V * S). 
or 
V2[V(V * S) - v x (V x S)] = 0. 
It immediately follows that, 
vs = 0. (2.5) 
Up to now. the general solution to the system (1.1) and (1.2) is expressed 
by 
v = v x (V x S) = V(V - S) - v*s. where VJS = 0, (2.6) 
with p/p given by (2.4). Equation (2.6) is the Galerkin-type solution [8] with 
17 = +. Although the three equations (2.4)-(2.6) somewhat narrow the class of 
solution V, they still can be further manipulated to yield our desired solution. 
By setting D = V*S, we obtain V’D = 0. As V4(V. S) =O, we may 
express (V . S) by (as the Helmholtz transformation is possible) 
V.S=r.E+C, (2.7) 
where V2E = 0, V’C = 0. (For further details regarding the expression of a 
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biharmonic function in the above form, the readers are referred to [9] and 
also to [7, p. 301. Substitution leads to the following expression for V, 
V = V(r l R + C) - D. 
Up to this point, we have succeeded in expressing V in terms of seven 
harmonic functions. In the following we shall reduce the number down to 
four. 
Applying condition (1.2) to the expression for V, we obtain 
2V.E=V.D, 
which has a solution 
D=2E-2H, where V . H = 0. 
Since E and D are harmonic, likewise H is harmonic. Thus V may now be 
expressed as 
V=V(r.E+C)-2E+2H, (2.8) 
where 
V’E = 0, v2c=o, V2H = 0, and V. H=O. 
If we let B = E - H we may rewrite V as 
V=(r.B+r*H-tC)-2B. (2.9) 
As (r l H) is harmonic (since V2(r. H) = 2V - H = 0), the sum r . H + C is a 
harmonic function B,. Hence V can be expressed as 
V = V(r . B + B,) - 2B, (2.lOa) 
where 
V2B = 0, V’B,=O, (2. lob) 
which is identical to (1.5a) and (1.6). 
The pressure p given by (2.4) and (2.7) as 
Since V . H is zero, p is given by 
p/p = 2V . B. (2.1Oc) 
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Note that the proof in this subsection depends on the applicability of the 
Helmholtz transformation to the region D. 
2.2 Neuber-type solution 
Equation (1.1) enables us to write 
v x v2v = V2(V x V) = 0, (2.11) 
i.e., the vorticity is harmonic. It has been shown in [7, p. 161, that: If the 
detinition region D of a vector V is finite and simply connected, and the 
vorticity is harmonic, then V may be represented as, 
V=V$-2B, (2.12) 
where $ is a scalar function and B is a harmonic vector function, i.e., 
V’B = 0. (2.13) 
Substituting (2.12) into (1.2), and using (2.13), we obtain, 
V2+2V .B. 
Thus $ can be written as 
(=r.B+B,. 
where B, is a harmonic function and V now becomes 
V = V(r . B + B,) - 2B, (2.14) 
which is the desired result (1Sa). 
The pressure p is related to V by (1.1) 
Hence, we obtain 
(l/p) Vp = V’V = V[ 2(V . B)]. 
P/P = 2(V - B), (2.15) 
where the constant of integration has been incorporated in B. Thus V, B, and 
B, satisfy the desired equations (1.5) and (1.6). 
This method of proof is much neater than the one used in the previous 
subsection. 
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2.3 An Alternative Proof 
The essential point in this proof is the expression of an arbitrary harmonic 
function in terms of the divergence of another harmonic vector. This can be 
proved to be possible whenever the Helmholtz transformation is applicable 
(see [7, p. 291). 
It is shown in Eq. (1.3) that p/p is harmonic. Hence p may be expressed as 
the divergence of a harmonic vector 2A. 
p/p = 2(V . A). (2.16) 
On substitution into (1.1) we obtain 
V2V=2V(V. A), 
where 
V'A=O. 
(2.17) 
(2.18) 
By (2.17), V2V = V'V(r l A), thus V can be represented by 
V=-2B+ V(r. A), 
where B is a general harmonic vector, i.e., 
VZB = 0, (2.19) 
and by (1.2), V is divergence free, hence 
V.B-V.A=O. 
We now have 
A=B+E, (2.20) 
where E is harmonic (since A and B are harmonic) and divergence-free. Now 
V may be written as 
V= V(r. B +r.E)-2B. 
Since V2(r . E) = 2(V . E) = 0, r l E is a scalar harmonic function, denoted 
by B,, we again obtain the solution 
V=V(r.B+B,)-2B (2.21a) 
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where 
V’B = 0, V'B,=O. 
The pressure is given by (2.16) 
pfp=2V. A= 2V. B+ 2V. E. 
As E is divergence-free, we have 
p/,u = 2(V. B). (2.21bj 
The three proofs given in this section are valid under different 
circumstances. Their choice will obviously depend on the property of the 
region D of the flow domain. 
3. COMPLETENESS OF THE PAPKOVICH-NEUBER TYPE SOLUTION 
IN TERMS OF THREE HARMONIC FUNCTIONS 
3.1 Completeness Without One Component of B 
Eubanks and Sterberg [lo] have proved that when the region of definition 
of (1.5) and (1.6) is z-convex, the expression for V is still complete even if 
BL is omitted from (1.5). (A region D is z-convex if it possesses a plane S 
perpendicular to the z axis and the segment joining every point P in D to its 
projection P, on S does not cross any boundary of D.) 
3.2 The Omission of B, 
In (7, 10, 111, it has been proved that the term B, of the 
Papkovich-Neuber solution (in elasticity, with v < f) to Lame’s equation can 
be omitted under certain conditions. All the proofs in those papers dealt with 
1’ < f, as this is the case for elastic materials. In this section we study. 
instead, the exceptional case not treated there, i.e., the omission of B, from 
(1.5) and (1.6), which corresponds to the solution to the Lame’s equation 
with conservative and solenoidal (nonzero) body force, and with v = ). 
3.3 A necessary and Suflcient Condition for the Completeness in Terms of 
B, B,, B: 
It has been established in [7, 10, 111 that: 
80 TRAN-CONG AND BLAKE 
A suflcient condition for the omission of the term B, in (1.5), without losing 
the generality of V, is that there is a harmonic function 4 satisfying 
r.V9-2d=B, (3.1) 
v2=o (3.2) 
for any arbitrarily given harmonic function B,. (The proof used in the above 
papers is to let B = V@ and prove that V(r l B) - 2B can replace VB, and 
also that B is harmonic.) Here we establish that the above sufficient 
condition is also the necessary condition for the omission of B,, without 
losing the generality of V in (1.5). 
Proof: For B, to be omitted, there must exist a harmonic vector B 
satisfying 
V(r.B)-2B=VB, (3.3) 
V2B = 0. (3.4) 
Taking the curl of (3.3) we have V x B = 0. Hence B may be represented by 
B=Vv. (3.5) 
Taking V2 of Eq. (3.5), and using (3.4), we have V(V’w) = 0; or 
v2y = c, (3.6) 
where c is constant. 
Now consider the function 4 defined by 
$ = y - (c/6)(x2 + y2 + 2’). (3.7) 
Taking V2 of (3.7) and using (3.6), we have d harmonic, i.e., 
V2( = 0. (3.8) 
But, we also have 
V(r l V(b) - 2V@ = V(r . Vy) - 2vw 
-  V(r l V{(cx2 + cy2 + cz2)/6}) + 2V{(cx2 + cy2 + cz2)/6} 
= V(r . VW) - 2Vy. (3.9) 
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Hence, we have the function d satisfying V(t * V#) - 2V$ = VB,, or 
(C.V#)-229=B0+C, 
and the constant C, can be easily absorbed into 4, giving (3.1); and with 4 
satisfying (3.8). 
The necessary condition has thus been proved. Hence the sufficient 
condition at the beginning of this subsection is indeed necessary and 
suflcient. 
3.4 The Existence and Nonexistence of the Function Q SatisJving (3.1) and 
(3.2) for an Arbitrary Given Harmonic Function B, 
With the necessary and suflicient condition we are now in a position to 
examine the completeness or otherwise of (1.5) and (1.6) in terms of B,, B,. 
BL , as has been similarly done in [7, 10, 111 (where the proofs have been 
applied the only elastic materials with v < 4). In [7], it has been proved that 
the representation is incomplete if B, is omitted and the region of definition 
of (1.5) and (1.6) is not star-shaped. (The incompleteness happens if B,(P) 
contains a singularity of the form l/IMP], where it4 is different from the 
origin 0 of the coordinate system). If the definition region for (1.5) and (1.6) 
is star-shaped but B, is a solid spherical harmonic function of degree 2, then 
B, cannot be omitted. This is the result given by [lo] (also in 17, 111). 
In this section, we were not concerned about (1.5b). This is justified since 
the method used to derive (1.5b) is to express p/p as 2V . B plus a constant; 
the constant is later absorbed into B by terms such as lx without upsetting 
(1.5a) and (1.6). 
4. SOME APPLICATIONS OF THE PAPKOVICH-NEUBER SOLUTION 
TO STOKES' FLOW 
In this section, we shall illustrate, through two simple examples, the power 
of the solution of the form (1.5) and (1.6). First we consider the flow due to 
the motion of a sphere in an infinite viscous fluid. 
4.1 Stokes’ Flow Due to the Motion of a Sphere Moving in an Infinite Fluid 
The classic Stokes’ solution for flow around a sphere is obtained by letting 
B, = -3U/4r, B, = Ux/4r3, B, = Bz = 0 in [(1.5), (1.6)). Then we have the 
velocity field 
V = i((3/4r) + (1/4r3))U - r(-(3x/4r3) + (3x/4r’))U. 
On the surface of the sphere (r= l), V= VI, and V-t0 as r-+ a. 
This is the well-known flow often derived via the Stokes’ stream function. 
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4.2 Flow Inside a Cylindrical Container 
The axi-symmetric solution (see [7, Chap. 4; [ 12-14)) to Eqs. (l.I), (1.2) 
in axi-symmetric flow is, 
u = 2a - $ (ra + b), 
w = - $ (ra + b), 
(4. la) 
where 
(V’ - (l/r’))a = 0, (4.2a) 
VZb = 0. (4.2b) 
(Note that Eq. (4.2a) is equivalent to the conditions that both xa/r and va/r 
are harmonic.) Assuming separation of independent variables, then 
a(r, z) = f(r) eiDL, (4.3a) 
b(r, z) = g(r) eiD’. (4.3b) 
The functionsf(r) and g(r) are given by, 
f(r) = CZ, COr>, 
g(r) = WP), 
(4.4a) 
(4.4b) 
where ZJ’j3r), Z,(pr) are modified Bessel functions of order 0 and 1) the 
functions K,@-), K,(/?r) are not considered as they produce a singularity at 
r = 0). 
Simple substitution of (4.3). (4.4) into (4.1) yields, 
u(r, z) = [2CI,(pr) - /lDZ,@-) - j?rCI&?r)] eiD’ 
w(r, I) = [DZ&?r) + rCI,(pr)](-i/3) eibr. 
(4Sa) 
(4Sb) 
On the surface of the cylinder 
u( 1, z) e-@’ = CW,(P) - P4m> - m1, cc) = 0, (4.6a) 
w(1, z) i/?-‘e-i4r = Cl,cJ) + m#) = 0. (4.6b) 
Taking the real and the imaginary of the above equations, we can easily 
develop u( 1, z), w( 1, z) into sine and cosine series with respect to z, and thus 
solve any prescribed axi-symmetric boundary condition. 
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Alternatively, we can solve for the characteristic values of /? from (4.6) by 
considering the characteristic equation. 
(4.7) 
The roots of (4.7) occur in quadruplets (j?, -p,/% -@) and have been 
published in a number of papers (see, e.g., [ 12, 131). Since /I is complex. the 
disturbance flow fields break up into an infinite set of eddies which decay 
exponentially with distance z. 
5. CONCLUSIONS 
The solution of Eqs. (1. 1 ), (1.2) in low Reynolds number. viscous flow, or 
to incompressible small deformation of elasticity is a special limiting case to 
the general solution to Lam$s equation in elasticity. For practical purposes. 
we can consider that the ordinary Papkovich-Neuber solution to Lami’s 
equation holds for v = f, even though its derivation is quite different. 
All the solution methods in small deformation elasticity apply equally well 
to low Reynolds number, viscous flow, or incompressible linear elasticity. 
The correspondence between low Reynolds number flow and linear elasticity 
will save significant efforts in solving a number of similar problems. 
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